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We study the effects of four-fermion interaction and impurity on the low-energy states of two-
dimensional semi-Dirac materials by virtue of the unbiased renormalization group approach. The
coupled flow equations that govern the energy-dependent evolutions of all correlated interaction
parameters are derived after taking into account one-loop corrections from the interplay between
four-fermion interaction and impurity. Whether and how four-fermion interaction and impurity
influence the low-energy properties of two-dimensional semi-Dirac materials are discreetly explored
and addressed attentively. After carrying out the standard renormalization group analysis, we find
that both trivial insulating and nontrivial semimetal states are qualitatively stable against all four
kinds of four-fermion interactions. However, while switching on both four-fermion interaction and
impurity, certain insulator-semimetal phase transition and the distance of Dirac nodal points can be
respectively induced and modified due to their strong interplay and intimate competition. Moreover,
several non-Fermi liquid behaviors that deviate from the conventional Fermi liquids are exhibited
at the lowest-energy limit.
PACS numbers: 73.43.Nq, 71.55.Jv, 71.10.-w
I. INTRODUCTION
Dirac fermions have been becoming one of most
significant subjects in contemporary condensed matter
physics [1–9] in the last decade and attract a vast of
both experimental [1, 2, 6–9] and theoretical efforts [2–
9]. These Dirac systems harbor a variety of types, such
as two-dimensional (2D) graphene [2], Weyl [2, 10–17],
Dirac [18–23] semimetals and etc., which usually pos-
sess several discrete Dirac nodal points with gapless low-
energy excitations and display a linear dispersion in two
or three directions [2, 6, 7, 13, 14, 16]. Recently, some
groups elucidate [24–29] that there exist another kind of
analogous material, dubbed as the 2D semi-Dirac (SD)
material, which is of remarkable interest 2D Dirac-like
material as its dispersion is parabolic in one direction
and linear in the other, such as the VO2 − TiO2 multi-
layer systems (nanoheterostructures) [27], quasi-two di-
mensional organic conductor α− (BEDT− TTF)2I3 salt
under uniaxial pressure [25], tight-binding honeycomb
lattices for the presence of a magnetic field [26], and pho-
tonic systems consisting of a square array of elliptical
dielectric cylinders [29]. These unique and unusual prop-
erties of the low-energy excitations [28, 30, 31] may result
in distinct behaviors from the general Dirac fermions in
the low-energy regime [2, 6, 7, 13, 14, 16]. Recently, K.
Saha [31] study this 2D SD system and indeed found
that some unconventional properties can be engineered.
For instance, an electromagnetic field can induce certain
topological phase transition and the Chern number can
be changed qualitatively during this phase transition in
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the presence of light. Moreover, Uchoa and Seo [32] have
pointed out that the superconductor quantum critical
point can be actualized by electric field and strain ef-
fects.
It is worth pointing out that the fermion-fermion in-
teractions have been insufficiently taken into account in
previous studies. In this circumstance, the information
of correlated physical properties that are closely perti-
nent to these locally four-fermion interactions, in partic-
ular the stability of ground states, the distance of Dirac
nodal points in the semimetal states, the transport prop-
erties and so on [2, 6, 7, 33–38], may be partially ne-
glected or cannot be fully captured especially in the low-
energy regime. Incorporating more potential ingredients
of physical degrees of freedom in low-energy regime would
be of significant help to improve the description of their
low-energy behaviors [2, 33–38]. It is therefore imper-
ative to examine what the role is played by the contri-
bution from fermion-fermion interactions to these low-
energy phenomena of physical properties in the 2D SD
materials.
Within this work, we concentrate on four primary sorts
of short-range four-fermion interactions as designated in
Eq. (4). Additionally, impurities are well-known to be
present in the real systems and usually can play an es-
sential role in modern condensed matter physics [39–41],
which can give rise to a plenty of prominent phenom-
ena in low-energy regime [39–52]. In Fermi systems,
there conventionally own three sensible types of impu-
rities [40, 53] that usually be named as random chem-
ical potential, random mass, or random gauge poten-
tial [40, 53–55] depending upon their distinct couplings
with fermions presented in Eq. (29). It has been proved
that these impurities can drive a multitude of inter-
esting and unusual behaviors of physical properties in
2these fermionic systems as widely shown in previous stud-
ies [1, 2, 6, 33–38, 54–58]. In order to collect more phys-
ical information and fully understand unconventionally
physical properties in the low-energy regime, we suggeste
to turn on the four-fermion interactions and assume the
presence of certain amount of impurities simultaneously.
At this stage, an intriguing question is therefore natu-
rally raised whether the basic results in noninteracting
case with clean limit can be revised or even qualitatively
changed by the interplay between these four-fermion in-
teractions and impurities. Unambiguously answering this
question would be of great profit for us to further un-
derstand and uncover the unique properties of 2D SD
materials and even instructive to explore new Dirac-like
materials.
In this paper, we are going to treat all the four
types of short-range four-fermion interactions and three
kinds of impurities on the same footing via adopting
the momentum-shell renormalization group (RG) ap-
proach [59–61]. In this respect, the effects of four-fermion
interactions, impurities, and their interplays can be fully
and unbiasedly incorporated into our consideration. Af-
ter taking into account all one-loop corrections from the
competition between four-fermion interaction and impu-
rity, the coupled flow equations of all associated interac-
tion parameters for both the pure four-fermion interac-
tions and presence of impurity are derived after practic-
ing the standard RG analysis [54, 59–61]. To proceed,
we employ these coupled flow equations that determine
the evolutions of interaction parameters replying on the
energy scales to investigate whether and how the low-
energy behaviors of 2D SD systems can be affected or
revised compared to their clean and noninteracting coun-
terparts, and additionally potential phenomena would be
trigged.
After performing both theoretical and numerical anal-
ysis, we find that several interesting results have been
extracted from these evolutions of all the correlated in-
teraction parameters. First, all of four-fermion param-
eters, to one-loop level, are irrelevant in the RG lan-
guage [54, 61, 62]. This means the contribution from
four-fermion interactions becomes less and less signifi-
cant and finally vanishes at the lowest-energy limit [61].
As a result, these energy-dependent interaction parame-
ters at clean limit cannot qualitatively change the low-
energy behaviors of the 2D SD system [54, 61, 62].
Consequently, both the trivial insulating and nontrivial
semimetal states are very stable against the four-fermion
interactions. However, in the case of presence of both
four-fermion interaction and impurity, we find that the
fates of these interaction parameters can be modified
qualitatively under certain initial conditions due to the
strong between fermion-fermion interactions and impuri-
ties. To be concrete, these irrelevant interaction param-
eters can be transferred to irrelevant relevant couplings
after taking into account one-loop corrections from in-
terplay between fermion-fermion interactions and impu-
rity [54, 59–61], which lead to the divergence of inter-
action parameters and instabilities at the critical energy
scale. This conventionally suggests that some phase tran-
sition [63–74], in our system certain insulator-semimetal
phase transition expected, would be generated under cer-
tain conditions although the states are qualitatively sta-
ble against solely four-fermion interactions. In addition,
we are informed that the distance of two Dirac nodal
points in the semimetal phase is sensitive to the inter-
play and competition between the four-fermion interac-
tion and impurity. Specifically, we find that the four-
fermion interactions and impurity respectively decrease
and increase the distance of Dirac nodal points. One
may expect that the revisions of distance of Dirac nodal
point would affect the interplay between the gapless ex-
citations in the low-energy regime. Moreover, several
non-Fermi liquid behaviors that deviate from the prop-
erties of conventional Fermi liquids theory [33], for in-
stance the quasiparticle residue Zf and the density of
states (DOS) of the quasiparticle, are obviously displayed
at the lowest-energy limit caused by the intimate inter-
play and competition between four-fermion interaction
and random gauge potential or random mass.
The rest of this paper is organized as follows. In Sec. II,
we bring out the microscopic model and derive our effec-
tive quantum field theory. The forthcoming is Sec. III
that we provide the RG transformations for momenta,
energies and fields. All the one-loop corrections to the
coupling parameters at clean limit are computed in this
section. In Sec. IV, we subsequently move to derive
the coupled flow equations of all related parameters by
means of the standard RG analysis in the presence of
both four-fermion interaction and impurity. In Sec. V,
we examine the stability of the ground states of 2D SD
systems against the four-fermion interactions at clean
limit. Sec. VI and Sec. VII are accompanied by studying
the low-energy behaviors affected by the interplay be-
tween four-fermion interaction and impurity. Finally, we
present a short summary in Sec. VIII.
II. MODEL AND EFFECTIVE THEORY
A. Noninteracting model
The noninteracting Hamiltonian describing low-energy
electronic bands of a SD material can be generally pro-
posed as [28, 30, 31]
H0(k) = d(k) · σ, (1)
with d(k) = (αk2x − δ, vky, 0) and k = (kx, ky, 0). Here,
the parameters α, v, and δ describe the inverse of quasi-
particle mass along x, the Dirac velocity along y, and
the energy gap, respectively. In the rest of this paper,
we restrict the focus on the 2D systems. In this respect,
we would easily arrive at the the energy eigenvalues from
this noninteracting Hamiltonian (1) [31]
E±(k) = ±
√
(αk2x − δ)
2 + v2k2y, (2)
3FIG. 1: One-loop corrections to the fermion propagator at
clean limit (the dashed line indicates the four-fermion inter-
action).
with the notations ± respectively corresponding to the
conduction and valence bands. There are in all three
potential ground states [28, 30, 31, 75]: (i) δ = 0, the
linear dispersion for ky direction and parabolical for kx
direction with a gapless spectrum; (ii) δ < 0, a trivial
insulating phase with a nonzero energy gap; and (iii) δ >
0, a 2D SD semimetal state with two gapless Dirac nodal
points at (±
√
δ
α
, 0).
We subsequently can address the noninteracting effec-
tive action after performing several conventional trans-
formations,
S0 =
∫
dω
(2pi)
∫
d2k
(2pi)2
Ψ†(iω,k)
[
−iω + (αk2x − δ)σ1
+vkyσ2
]
Ψ(iω,k), (3)
with the spinor Ψ(iω,k) characterizing the low-energy
excitations from the Dirac nodes. The σj , j = 1, 2, 3
corresponds to the Pauli matrices. In order to study the
low-energy behaviors, we need to include the fermionic
interactions besides this free term.
B. Effective theory
To proceed, we introduce the four-fermion interactions
to construct our effective action. After bringing out
the four allowed kinds of short-range four-fermion in-
teractions incorporated into the non-interacting action
(3) [63–66], we henceforth are left with the updated ef-
fective action
Seff =
∫
dω
2pi
∫
d2k
(2pi)2
Ψ†(iω,k)[−iω + (αk2x + δ)σ1 + vkyσ2]Ψ(iω,k) +
3∑
a=0
ua
∫
dω1dω2dω3
(2pi)3
∫
d2k1d
2
k2d
2
k3
(2pi)6
×Ψ†(ω1,k1)σaΨ(ω2,k2)Ψ
†(ω3,k3)σaΨ(ω1 + ω2 − ω3,k1 + k2 − k3). (4)
Here, the σj , j = 1, 2, 3 again delineates the Pauli matri-
ces and σ0 = I2×2 the unit matrix. The ua, a = 0, 1, 2, 3
collects all sorts of given four-fermion interactions. This
effective action allows us to directly extract the free
fermionic propagator,
G0(ω,k) =
1
−iω + αk2xσ1 + vkyσ2
. (5)
To simplify our study and facilitate the evaluations, we
can regard the δ-term as a quadratic interaction and its
evolution upon lowering the energy scale will be attained
in the impending sections [61]. Based on these, we can
expect the corresponding state which the system locates
at initially. In such circumstances, we are allowed to
investigate how the four-fermion interactions affect the
low-energy behaviors of this 2D SD materials via per-
forming the momentum-shell RG analysis [59–61] of our
effective theory (4).
III. ONE-LOOP RG ANALYSIS
A. RG rescaling transformations
According to the standard procedures of RG frame-
work [54, 55, 61, 62, 64–66, 76–83], we need to integrate
out the fields in the momentum shell bΛ < k < Λ with
b < 1 to derive the evolutions of interaction parameters,
where Λ represents the energy scale and the variable pa-
rameter b can be written as b = e−l with a running energy
scale l > 0 [54, 61, 62, 76–78].
Under the RG consideration, the parameters α and v
maybe flow upon lowering the energy scale after collect-
ing the one-loop interaction corrections. We will show
later that the flows of these two parameters would be
revised and they enter into the coupled flow equations
of all interaction parameters after collecting the contri-
bution from four-fermion interactions. At this stage, all
of interaction parameters are not independent but mu-
tually and intimately associated with others. Hence, the
interacting couplings can also play a direct or indirect
role in the evolutions of the parameters α and v, which
4FIG. 2: One-loop corrections to the four-fermion interacting
couplings in clean limit (the dashed line indicates the four-
fermion interaction). All subfigures (i)-(v) capture the con-
tributions from purely four-fermion interactions distinguished
by different topological properties.
are essential to determine the low-energy fate of 2D SD
materials.
Before going to the one-loop RG calculations, we firstly
dwell on the RG rescaling transformations. In the spirt
of momentum-shell RG theory [54, 61, 62, 77, 78], we can
choose the free action S0 ∼ −iω + αk
2
xσ1 + vkyσ2 as the
freely invariant fixed point that is invariant under the
RG transformation. As a result, we instantly address
the re-scaling transformations of momenta, energy and
fermionic fields, namely, [54, 61, 62, 77, 78],
kx = k
′
xe
− 12 l, (6)
ky = k
′
ye
−l, (7)
ω = ω′e−l, (8)
Ψ(iω,k) = Ψ′(iω′,k′)e
1
2
∫
l
0
dl( 72−ηf), (9)
where the parameter ηf delineates the anomalous fermion
dimension [61, 62], which would be generated by the four-
fermion interaction or impurities owning to their one-loop
corrections.
To proceed, we would like to present several clarifica-
tions on the RG re-scaling transformation of energy ω.
It is indeed not unambiguous for us to choose its RG
transformation in that our microscopic model (3) owns
a unconventional dispersion, namely, linear in one direc-
tion and quadratical in the other, which is qualitatively
distinct from two limit cases, i.e. linear or quadratical in
both x and y directions. Fortunately, it is worth high-
lighting that the focus of present work is primarily on
how the interaction parameters evolve upon lowering the
energy scale, in particular in the low-energy regime. This
consequently suggests that the low-energy degrees of free-
dom play a more significant role than their higher-energy
counterparts. In addition, learning from the noninter-
acting theory (3), the linear term vky is more dominant
compared to the quadratical term αk2x while k is ade-
quate small in the low-energy regime. These both indi-
cate that the z = 1 part (here z depicts the dynamical
critical exponent) should be more important or take a
leading responsibility for potentially unique properties
in the low-energy regime. Due to the exotic feature of
dispersion in the 2D SD material, one can expect the
re-scaling transformation of ω (8) can properly capture
the key ingredients of the low-energy physics. Therefore,
we, in current work, adopt the RG transformation of ω,
namely ω = ω′e−l.
B. Coupled flow equations
In order to facilitate the performance of the standard
momentum-shell RG analysis [61], it is convenient to
rescale the momenta and energy by Λ0 that is linked
to the lattice constant, i.e. k → k/Λ0 and ω → ω =
ω/Λ0, and redefine the energy scale as Λ = Λ0/b with
b = e−l and l > 0 denoting the changes of energy
scales [54, 61, 62, 77]. The free fermion propagator would
receive one-loop corrections caused by the four-fermion
interaction as provided in Fig. 1, which can be explicitly
expressed as
Σi = −
u1C1
8pi2
σ1l, (10)
Σii = 0, (11)
with designating
C1 ≡
∫ pi
2
−pi2
dθ
2α cos θ√
α2 cos2 θ + v2 sin2 θ
. (12)
These one-loop corrections to the fermion propagator di-
rectly results in
ηf = 0, (13)
In this sense, we are straightforwardly informed that v
does not evolve via lowering the energy scale [61, 79],
namely
dv
dl
= 0, (14)
and
dα
dl
= 0. (15)
By virtue of the RG transformations (7)-(9) and collect-
ing the one-loop corrections (10) and (14), we subse-
quently arrive at the flow equation of parameter δ af-
ter fulfilling the standard momentum-shell RG analy-
sis [54, 61, 62, 77],
dδ
dl
=
(
1−
u1C1
8pi2
)
δ. (16)
Next, we move to address the evolutions of the fermion-
fermion interaction couplings. All one-loop corrections to
the four sorts of four-fermion interactions are depicted
in Fig. 2 and the detailed results are presented in Ap-
pendix A1. For instance, there are in all five one-loop
5FIG. 3: One-loop corrections to the fermion propagator (self-
energy) in the presence of impurities (The dashed and wave
lines respectively indicate the four-fermion interaction and the
impurity).
diagrams contributing to the fermion interacting cou-
pling u0 as shown in Fig. 2, whose contributions are
displayed in Eqs. (A1)-(A4) of Appendix A1. There-
after, summarizing all of these related one-loop contri-
butions [54, 61, 62, 77, 78, 80–83] forthrightly gives rise
to
δSu0
=
∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
Ψ†(ω1,k1)σ0Ψ(ω2,k2)
×Ψ†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3)u0
×
[
1−
(u2 + u3)(C2 + C3 − C0) + u1(3C2 + C3 − C0)
8pi2
l
]
≈
∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
Ψ†(ω1,k1)σ0Ψ(ω2,k2)
×Ψ†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3)
×u0e
[
−
(u2+u3)(C2+C3−C0)+u1(3C2+C3−C0)
8pi2
l
]
=
∫
dω1dω2dω3
(2pi)3
∫ 1 d2k1d2k2d2k3
(2pi)6
Ψ†(ω1,k1)σ0Ψ(ω2,k2)
×Ψ†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3)
×u0e
[
−1−
(u2+u3)(C2+C3−C0)+u1(3C2+C3−C0)
8pi2
]
l
, (17)
which afterward results in the energy-dependent running
equation of u0 in the sprit of momentum-shell RG the-
ory [54, 61, 62, 77]
du0
dl
=
u0
8pi2
[
(u2 + u3)(C0 − C2 − C3)
+u1(C0 − 3C2 − C3)− 4pi
2
]
. (18)
The RG flow equations of other coupling parameters
can be deduced by paralleling above steps with employ-
ing the corresponding one-loop corrections provided in
Appendix A 1. After long but straightforwardly alge-
braic procedures, we eventually arrive at the coupled flow
equations of all related interaction parameters at clean
limit [54, 61, 62, 77],
dv
dl
= 0, (19)
dα
dl
= 0, (20)
dδ
dl
=
(
1−
u1C1
8pi2
)
δ, (21)
du0
dl
=
u0(u2 + u3)(C0 − C2 − C3) + u0u1(C0 − 3C2 − C3)− 4pi
2u0
8pi2
, (22)
du1
dl
=
u1(u0 − u2 − u3)(C0 − C2) + u1(u0 − 3u2 − u3)C3 − C2(u
2
0 + u
2
1 + u
2
2 + u
2
3)− 4pi
2u1
8pi2
, (23)
du2
dl
=
u2(u0 − u1 − u3)(C0 + C2 − C3)− 4pi
2u2
8pi2
, (24)
du3
dl
=
u3(u0 − u1 − u2)(C0 + C2 + C3)− 4pi
2u3
8pi2
, (25)
where the three new coefficients Ci, i = 0, 2, 3 are repre-
sentatively defined by
C0 =
∫ pi
2
−pi2
dθ
2√
α2 cos2 θ + v2 sin2 θ
, (26)
C2 =
∫ pi
2
−pi2
dθ
2α2 cos2 θ
(α2 cos2 θ + v2 sin2 θ)
3
2
, (27)
C3 =
∫ pi
2
−pi2
dθ
2v2 sin2 θ
(α2 cos2 θ + v2 sin2 θ)
3
2
, (28)
6with C1 being brought out in Eq. (12).
These coupled evolutions of interaction parameters
(20)-(25) indicate that the four-fermion interacting cou-
plings ua, a = 0, 1, 2, 3, 4 are pertinently coupled and mu-
tually influence each other via varying the energy scales.
Their intimate interplay may play a crucial role in deter-
mining the low-energy behaviors of physical quantities,
which will be carefully investigated and addressed in next
section.
IV. ONE-LOOP RG ANALYSIS IN THE
PRESENCE OF IMPURITY
In the real fermion systems, impurity is well known to
contribute significant effects to the low-energy behaviors
of physical quantities [39–41] and consequently lead to a
wealth of unconventional phenomena in these Fermi sys-
tems [39–52]. It is therefore of remarkable interest and
necessary to investigate how the impurity works before
moving to examine how the low-energy behaviors physi-
cal quantities are affected by the coupled flow equations
(20)-(25) generated by the presence of four-fermion inter-
actions. Before going further, we would like to suppose
from now on that the semi-Dirac fermions are still ex-
tended in the presence of weak impurity although there
remains some debate on whether 2D Dirac/ semi-Dirac
fermions extended or localized in the presence of impu-
rity [36, 41]. To proceed, we within this section endeavor
to incorporate three important types of impurities into
our effective action (4), which are distinguished by their
unique couplings with fermions [40, 53], and named ran-
dom chemical potential, randommass, and random gauge
potential respectively [40, 53–55]. Starting from the new
effective theory incorporating the impurity, we extract
the revised version of coupled RG evolutions after col-
lecting the interplay between fermion and impurity.
A. Fermion-impurity interaction
The interplay between fermion and impurity can be
conventionally described by the following expression [39–
41, 53, 54]
Sfd = vD
∫
d2xΨ†(x)γΨ(x)D(x), (29)
where the Pauli matrix γ represents different types of
impurities and γ = σ0, γ = σ2, and γ = σ1,3 respec-
tively correspond to the random chemical potential, ran-
dom mass and random gauge potential. The coupling
parameter vD denotes the impurity strength of a single
impurity. The impurity field D(x) would be restricted
by a quenched, Gauss-white potential under the condi-
tions [40, 53, 54, 67, 84]
〈D(x)〉 = 0, 〈D(x)D(x′)〉 = ∆δ2(x − x′), (30)
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FIG. 4: (Color online) Flows of interaction parameters due to
the corrections from the four-fermion interactions. The initial
value of δ is taken to be negative (a) or positive (b) and others
equally.
here the ∆ is assumed to measure the concentration of the
impurity and can be taken as a constant controlled by the
experiment. After performing a Fourier transformation,
we are left with the corresponding action in momentum
space [40, 53, 54],
Sfd = vD
∫
d2kd2k′dωΨ†(k, ω)γΨ(k′, ω)D(k − k′).(31)
Based on these information, we eventually achieve the
effective theory for the presence of impurity by comb-
ing the effective action in Sec. III at clean limit and the
fermion-impurity interaction (31),
S′eff = Seff + Sfd. (32)
Paralleling the one-loop analysis for fermion propaga-
tor in Sec. III B and computing the one-loop fermion-
impurity diagrams in Fig. 3 for the presence of random
chemical potential, we find that the fermion propaga-
tor would gain a nontrivial revision from the fermion-
7impurity interaction, namely
Σ =
∆v2DD0
8pi2
(iω)l. (33)
The other two sorts of fermion-impurity interactions both
give rise to nonzero corrections by practicing similar pro-
cedures,
Σ = −
∆v2DD0
8pi2
(iω)l. (34)
In such circumstance, we next can utilize these non-
trivial corrections to produce certain nonzero anomalous
fermion dimensions, which are list as
ηchemf = −
∆v2DD0
8pi2
= −ηgaugf = −η
mass
f . (35)
where the indexes chem, gaug,mass denote the random
chemical potential, random gauge potential and random
mass, representatively. These nonzero anomalous dimen-
sions will be intensely instructive to derive the coupled
flow equations of interaction parameters in next subsec-
tion, which are sharp contrast to a trivial value at clean
limit in Eq. (13) [40, 54, 62]. In addition, the impurity
strength can participate in the coupled RG evolutions as
a new member and affect the revised evolutions of all
correlated interaction parameters.
B. Coupled flow equations in the presence of
impurity
After carrying out the analogous steps in section III
with employing the one-loop corrections in Appendix A 2,
we consequently summarize the coupled flow equations of
all related parameters in the presence of random chemical
potential,
dv
dl
=
∆v2DD0
8pi2 v,
dα
dl
=
∆v2DD0
8pi2 α,
dδ
dl
=
(
1− u1C18pi2 +
∆v2DD0
8pi2
)
δ,
du0
dl
=
2(∆v2DD0−2pi
2)u0−u0(u2+u3)(C2+C3−C0)−u0u1(3C2+C3−C0)−4∆v
2
D(D2+D3)
8pi2 ,
du1
dl
=
2(∆v2DD0−2pi
2)u1−u1(u2+u3−u0)(C0−C2)−u1(3u2+u3−u0)C3−C2(u
2
0+u
2
1+u
2
2+u
2
3)+2∆v
2
D(D2−D3)
8pi2 ,
du2
dl
=
2(∆v2DD0−2pi
2)u2−u2(u1+u3−u0)(C0+C2−C3)+2∆v
2
D(D3−D2)
8pi2 ,
du3
dl
=
2(∆v2DD0−2pi
2)u3−u3(u1+u2−u0)(C0+C2+C3)+6∆v
2
D(D2+D3)
8pi2 ,
dvD
dl
=
∆v2DD0+2[∆v
2
D−(u0+u1+u2+u3)](D2+D3)
8pi2 vD.
(36)
In order to present more compact evolutions of the in-
teraction parameters (36), we here have nominated four
new coefficients that are designated as
D0 =
∫ pi
2
−pi2
dθ
2
α2 cos2 θ + v2 sin2 θ
, (37)
D1 =
∫ pi
2
−pi2
dθ
2α cos θ
α2 cos2 θ + v2 sin2 θ
, (38)
D2 =
∫ pi
2
−pi2
dθ
2α2 cos2 θ
(α2 cos2 θ + v2 sin2 θ)2
, (39)
D3 =
∫ pi
2
−pi2
dθ
2v2 sin2 θ
(α2 cos2 θ + v2 sin2 θ)2
. (40)
The coupled flow equations for the presence of other two
types of impurities can derived analogously and are pro-
vided in the Appendix B. In such situation, we can study
the effects of these coupled flow equations that collect
contribution from both four-fermion interaction and im-
8purity on the low-energy behaviors of the semi-Dirac ma-
terials in the following section.
V. STABILITY OF THE GROUND STATES
AGAINST THE FERMIONIC INTERACTION
We have already presented the coupled RG flow equa-
tions of correlated coupling parameters in Sec. III for the
presence of fermion-fermion interactions. In the light of
these running Eqs. (20)-(25), we are informed that all
these interaction parameters participate in the coupled
evolutions and mutually affect each other upon lowering
energy scale. We subsequently concentrate on the fate
of parameter δ in low-energy regime under taking into
account one-loop interaction corrections.
Clearly, the parameter δ becomes energy-dependent
and is coupled with the evolutions of other parameters via
reading the information provided in Eqs. (20)-(25). To be
specific, the parameter δ flows via decreasing the energy
scale and it manifestly replies upon the coupling parame-
ter u1 and additionally collects the contribution from the
parameters u0, u2, and u3 owning to their closely coupled
RG equations. As told in Ref. [31], the parameter δ is
extremely crucial to pin down the ground state of the
2D SD system: (i) δ = 0, the spectrum is gapless with
linear dispersion along ky; (ii) δ < 0, it is a gapped sys-
tem with a trivial insulating phase; and (iii) δ > 0, there
exists two gapless Dirac nodal points at (±
√
δ/α, 0) and
this implies certain nontrivially topological state sets in.
It is indeed that the system would choose one of these
states and be stable while we begin with the noninter-
acting action (1) [31].
However, we would like to stress that, the evolution
of parameter δ with lowering the energy scale, in appar-
ently contrast to action (1), is reconstructed profoundly
while the four-fermion interactions are switched on as
presented in Eqs. (20)-(25). In addition, all interaction
parameters are not independent but closely coupled with
each other. In this respect, it is intensely instructive
to ask whether the low-energy properties of parameter
δ can be qualitatively modified by incorporating into
the one-loop corrections due to the four-fermion interac-
tions, namely whether these three ground states are sta-
ble against these short-range four-fermion interactions?
In order to response to these questions, we have to
numerically analyze the coupled RG equations (20)-(25).
To this end, we first take the initial value of parame-
ter δ to be negative, i.e., δ(l = 0) < 0 and rescale all
the parameters by dividing their initial values, which are
supposed an equal starting constant for unbiased consid-
eration. After carrying out the numerical calculations of
coupled Eqs. (20)-(25) with these initial conditions, we
obtain interesting results as illustrated in Fig. 4(a). This
result directly suggests that the semimetal state with
δ < 0 is insensitive to the four-fermion interaction and
stable in the low-energy regime. Similarly, we represen-
tatively assume the parameter δ to be positive initially
and deliver the results after paralleling the previous steps
as designated in Fig. 4(b). The qualitative results for the
case δ(l = 0) = 0 are analogous and not shown here. Ac-
cording to the tendency of evolutions upon decreasing the
energy scale in Fig. 4, we are unambiguously told that
the sign of parameter δ cannot be changed qualitatively
by the fermion-fermion interactions. This thereafter in-
dicates both the trivial insulating state and nontrivial
topological state are considerable stable against the four-
fermion interactions [31].
We stop here to present several comments on these
numerical results. At tree level, we easily obtain that
all of the quartic interaction parameters are irrelevant
in the RG language after implementing the RG analy-
sis of effective action, i.e., Eq. (4) [54, 61, 62]. In ad-
dition, the numerical calculations of one-loop coupled
flow equations countenance this point as demonstrated
in Fig. 4. In the spirt of momentum-shell RG theory [61],
this means that the fermion-fermion interaction param-
eters are irrelevant even to one-loop level and as a re-
sult the contribution from four-fermion interactions be-
comes less and less significant and finally vanishes at the
lowest-energy limit [39–41]. Consequently, these param-
eters cannot qualitatively destroy the ground sates of the
2D SD material. Since the low-energy states of 2D SD
system are insensitive to these short-range four-fermion
interaction, it is imperative to investigate the effects of
impurities, which are well known to be always present
in the real systems, and in particular interplay between
four-fermion interaction and impurity on these states.
VI. LOW-ENERGY BEHAVIORS AFFECTED
BY THE INTERACTION AND IMPURITY
Impurities are well-known one of most significant facets
in producing a multitude of prominent phenomena of
Fermi systems [39–41]. Within this section, we are go-
ing to study and answer whether our previously basic
results with switching on the four-fermion interactions
at clean limit in the 2D SD system are robust under
certain number of impurities and their competition with
fermion-fermion interaction. In Fermi systems, there are
three typical types of impurities, which are dubbed by
random chemical potential, random mass, and random
gauge potential [40, 53, 54]. Without loss of generality,
all these three sorts of impurities will be equally investi-
gated. After taking into account the contribution for the
presence of both four-fermion interaction and impurity,
the coupled RG flow equations of interaction parameters
are modified from Eq. (20)-(25) to Eq. 36, Eq. (B1), and
Eq. (B2). Under such circumstances, we can expect the
remarkably revised behavior of parameter δ in the low-
energy regime.
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FIG. 5: (Color online) Flows of parameters due to the cor-
rections from the interplay between four-fermion interactions
and random chemical potential. The sign of parameter δ is
changed upon lowering the energy scale.
A. Interaction-impurity induced phase transition
To proceed, we endeavor to numerically calculate
Eq. (36), Eq. (B1), and Eq. (B2) to check the energy-
dependent properties against the impurity. At the out-
set, we consider the presence of random chemical poten-
tial with the coupled flow equations (36) and the other
two cases will be followed.
In order to facilitate our analysis, we parallel the steps
in Sec. V and initially let δ(l = 0) = 0 and other pa-
rameters are assumed to own an equal starting value.
Before moving further, we elucidate the information on
the strength of impurity. For physical consideration, we
introduce the impurity scattering rate to qualify the ini-
tial value of impurity strength as [84]
τ−1 ∼
∆v2D
α
, (41)
where α, ∆ and vD are nominated in Eqs. (2), (29)
and (30), representatively. In the sprit of the pertur-
bative theory, we need to restrict the initial value of
τ−1(l = 0) ≡ τ−10 ≤ Λ0. After carrying out the simi-
larly numerical performance, we find that the parameter
δ exhibits analogously compared to the pure-interaction
case when the starting value of impurity scattering rate
is considerable small, namely τ−10 is much smaller than
Λ0. In this case, the ground state of system is stable
and the corresponding numerical results are not shown
here. On the contrary, while the initial value of impurity
scattering rate is large, for instance τ−10 > 0.1Λ0, it is
of particular interest that the sign of parameter δ with
a negative starting value can be changed upon lowering
the energy scale as displayed in Fig. 5.
This apparently signals that the system undergoes a
phase transition [63–74]. As shown in Fig. 5, it is in-
teresting to point out that the fermionic coupling pa-
rameters are divergent at certain critical energy (dubbed
by l = lc). Guided by the spirt of momentum-shell
RG [59–61] and phase transition theory [37, 67, 68], we
are informed, compared to the clean-limit case with only
switching the four-fermion interactions in Sec. V, that the
irrelevant fermion-fermion interaction parameters can be
transferred to irrelevant relevant interaction couplings in
the low-energy regime after collecting one-loop correc-
tions due to the close interplay between four-fermion in-
teractions and impurity. Generally, these irrelevant rel-
evant parameters are responsible for the divergences of
interaction parameters. A multitude of previous stud-
ies [63–74] reveal that these divergent coupling parame-
ters are the evident signals of instability and phase transi-
tions. Consequently, we infer that the intimate interplay
between four-fermion interaction and impurity together
triggers some phase transition in the low-energy regime.
At this stage, a good candidate for our 2D SD material
occurs, namely, a trivial insulator experiencing certain
phase transition to become a nontrivial Dirac semimetal
owning to the strong interplay between random chemical
potential and fermion-fermion interactions.
Subsequently, we move to the cases for presence of
random gauge potential and random mass via consid-
ering Eq. (B1) and Eq. (B2) in Appendix B. Paralleling
the analysis for the random chemical potential indicates
these two sorts of impurities share the qualitative results
with the random chemical potential: while the impurity
scattering rate is small, the ground states of 2D SD sys-
tems are strongly stable against the interplay between
fermion-fermion interaction and impurities; however, the
potential phase transition from a trivial insulator to a
gapless Dirac nodal system would be generated by the
random gauge potential or random mass if the initial
value of scattering rate of impurity is adequate large,
which is as the same order as the value in Fig. 5. The
primary difference from the random chemical potential
is that critical energy scales Ec at which certain phase
transition is generated are distributed into three distinct
values. After performing both analogously numerical and
theoretical studies, we are left with the orders of critical
energy scales as
Echemc < E
mass
c < E
gaug
c . (42)
where chem,mass, gaug describes the random chemical
potential, randommass and random gauge potential, rep-
resentatively. As the numerical results are similar to the
presence of random chemical potential, we do not provide
them here.
Based on these analysis, we conclude that the ground
states of 2D SD materials are qualitatively stable against
all three types of impurities at a small impurity scatter-
ing rate, but certain phase transition can be generated
under specific condition as exhibited in Fig. 5 while the
initial value of impurity scattering rate exceeds certain
critical value to make the fermion-fermion interaction pa-
rameters irrelevantly relevant and the interplay between
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FIG. 6: (Color online) Relatively fixed points of flows of pa-
rameters due to the corrections from the interplay between
four-fermion interactions and random chemical potential. The
initial values are followed by the Fig. 5 and the values of pa-
rameters are measured by vD. Inset: evolution of parameter
δ in the sign-change regime.
four-fermion interaction and impurity remarkably signif-
icant.
B. Relatively fixed point and phase transition
Before closing the study of the impurity-induced phase
transition, we would like to provide our comments on
this particular phase transition, which is conventionally
accompanied by the sign change of parameter δ shown in
the last subsection.
To this end, we first need to seek the critical fixed
point in the parameter space that is lined to the criti-
cal energy scale represented by lc (or Ec) at which the
interaction couplings are divergent and instabilities take
place [61, 64, 65, 69, 70, 72, 74]. Learning from Fig. 5
informs us that the interaction coupling parameters (or
their absolute values) are increased quickly and finally di-
vergent at certain critical energy scale. In order to make
our analysis remain weak coupling, one can measure all of
interaction couplings with one of them (no sign change)
and try to obtain the relatively fixed point of their ra-
tions at this critical energy scale [61, 64, 65]. Motivated
by this idea and after performing analogously numerical
analysis, we produce the relative evolutions of interac-
tion parameters and acquire our relatively fixed point,
namely, [(v, α, u0, u1, u2, u3, u4, vD)/vD]
∗ ≈ (0, 0,−5.0×
10−4, 9.0 × 10−5, 2.4 × 10−4, 1.2 × 10−3, 1) by following
the initial values of coupled flows in Fig. 5. In particu-
lar, we find that [δ/vD]
∗ is substantially large and nearly
divergent as presented in Fig. 6 in 2D SD system. Comb-
ing the evolutions of interaction parameters in Fig. 5 and
Fig. 6, it singles out that the divergence of parameter δ at
the critical energy scale should be intimately associated
with the leading instability and simultaneously accom-
panied by a phase transition. Given the perturbative
restriction of our momentum-shell RG framework [61],
we admit that our approach may gradually break down
and even be invalid at l ≥ lc as the δ(lc+δl) goes towards
the strong coupling. However, it is well proved that this
analysis can conventionally provide constructive informa-
tion for leading instability and potential phase transition
of the fermionic systems via approaching the critical en-
ergy scale [63–74]. Under all these consideration, we are
encouraged to infer that some phase transition must be
trigged by the strong interplay between fermion-fermion
interaction and impurity in the vicinity of the critical
energy scale denoted by lc.
In order to judge which instability is dominant or
which phase transition should be taken place, we in prin-
ciple need to calculate all of susceptibilities of poten-
tial instabilities allowed by the symmetries of related
system around its relatively fixed point and pick up
the leading one to be tied to the specific phase transi-
tion [64, 65, 69, 70, 72, 74].
However, one usually, without loss of generality, can
also directly read the primary type of phase transition
from the evolutions of interaction parameters [72, 73].
Generally, the activated phase transition is linked to the
largest parameter at the critical energy scale [72, 73]. As
presented in Fig. 5 and Fig. 6, the parameter δ features
the largest value at the critical energy scale. Addition-
ally, the leading parameter δ is forced to go towards (pos-
itively) strong coupling at l = lc. Hence one can expect it
would be positive at the low-energy regime. Moreover, it
clearly exhibits the sign change of the parameter δ upon
approaching the critical energy scale as displayed in the
inset figure of Fig. 6. In present study, we only try to put
our focus on how the four-fermion interaction and impu-
rity qualitatively influence the stabilities of the ground
states of 2D SD systems. Therefore for the sake of sim-
plicity we suggest that the 2D SD system experiences a
phase transition from a trivial insulator to a nontrivial
Dirac semimetal according to the spirt from Refs. [72, 73]
caused by the interplay between random chemical poten-
tial and four-fermion interaction.
C. Sign change and phase transition
To further clarify the implication of sign change, we,
within this subsection, provide further discussions on the
relationship between the sign change of parameter δ and
phase transition. As studied in above two subsections,
the δ = 0 corresponds to an unstable fixed point that is
suggested to be linked to the phase transition. It is worth
pointing out that the key ingredient producing the sign
change of δ is the divergent quantum fluctuation at the
phase transition point.
To be specific, we would like to emphasize, for phys-
ical consideration, the sign change of δ is not solely
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taken place but closely and intimately associated with
the phase transition point at which the instability sets
in accompanied concomitantly with the divergent sus-
ceptibilities at the critical energy scale. By approaching
the quantum critical point (of the phase transition), the
quantum fluctuations become stronger and stronger, and
finally divergent at that point. These unusual behaviors
enter into the coupled flow equations via the one-loop
corrections and then greatly influence the value of right-
hand side of flow equations (36) in the vicinity of phase
transition point, such as the parameter δ’s equation. As a
result, the sign change and divergence of parameter δ are
triggered simultaneously under certain initial conditions
of four-fermion parameters and impurity strength.
For the mathematical consideration, we, for conve-
nience, dub the right hand of flow equation of δ as the
slope of the δ equation nominated by Sδ and assume the
unstable fixed point takes place at lc. If one starts from
a δ0 < 0 with Sδ0 > 0, then δ gradually approaches the
fixed point via lowering the energy scale. On the con-
trary, δ goes to the strong coupling once we begin from
a δ0 > 0 still with Sδ0 > 0. This explicitly implies the
single-direction tendency of a parameter can be realized
and closely tied to the sign of Sδ. To be concretely, if
the sign of Sδ is the same while an infinitesimal pertur-
bation is tuned, lc → l ± δl, the sign change of unstable
fixed point can be realized [85]. Guided by above discus-
sion, we can straightforwardly numerically examine the
Sδ away from lc in current work (however the theoretical
proof is hardly done for these complicatedly coupled flow
equations (36)). Before going further, we would like to
highlight that the ”initial state” should be understood
as a relative notation. For instance, supposing the di-
vergent behaviors set in at lc, we can define the ”initial
states” with l±0 ≡ lc ± δl. To be specific, the evolution
can follow the steps: (i) initially, δ starts from a nega-
tive value at l+0 , and its absolute value decreases in that
the numerical calculation of coupled RG equations indi-
cates Sδ(l
+
0 ) > 0; (ii) while l → lc it goes nearly zero,
but the zero point is an unstable fixed point impacted
by the strong quantum fluctuation; (iii) then adding an
infinitesimal increase with l−0 , the slope can change qual-
itatively by the divergent quantum fluctuation still with
Sδ(l
−
0 > 0) informed by the numerical evaluation, which
breaks the balance of the zero point fixed point and the
parameter is directly forced to the strong coupling.
To reiterate, the intimate relationship between the evo-
lutions of coupled flow equations and strong quantum
fluctuation yields to the singular behavior of the δ’s RG
equation, and eventually results in the the sign change
and divergence of δ at phase transition point under cer-
tain initial conditions.
D. Distance of Dirac nodal points
In addition to the phase transition investigated in for-
mer parts of Sec. VI, we here display another interesting
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FIG. 7: (Color online) Evolution of the distance (λ/λ0) be-
tween two nodal points in the δ > 0 states in the presence of
pure interaction (int) and interaction+impruity (int + imp)
before approaching the critical energy scale.
behavior triggered by the interplay between four-fermion
interactions and impurity.
As addressed in Sec. II, the 2D SD material possesses
two gapless Dirac nodal points for δ > 0, namely at
(±
√
δ
α
, 0). Despite the gapless states with δ > 0 being
considerably stable against the short-range four-fermion
interaction or impurity (assuming the initial value of im-
purity scattering rate is not too large), the distance be-
tween these two Dirac nodal points may be varied by the
four-fermion interaction or impurity. To proceed, their
distance can be expressed as [31]
λ = 2
√
δ
α
. (43)
This straightforwardly indicates that the distance λ flows
upon lowering the energy scale as the correlated pa-
rameters both δ and α evolve and are coupled com-
plicatedly with other interaction parameters along the
coupled RG flow equations (20)-(25) or (36), (B1) and
(B2). We therefore are forced to numerically analyze
these coupled RG running equations to investigate the
energy-dependent properties of the distance of Dirac
nodal points λ. Before moving further, we here would
like to stress that the following study is restricted to the
energy scales which are larger than the critical energy
scale represented by lc.
We subsequently take the starting value of δ positive
to ensure the starting state harbors two Dirac nodal
points and other parameters to possess the similar val-
ues to Fig. 4’s. The corresponding numerical results of
the energy-dependent distance for both cases are delin-
eated in Fig. 7. We deduce that the four-fermion in-
teraction can reduce the distance of Dirac nodal points
after capturing the basic information from Fig. 7. On the
contrary, the presence all three sorts of impurities would
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increase the distance λ (as the difference among distinct
types of impurities is negligible, we only leave one line for
impurity in Fig. 7). As a consequence, we conclude that
the distance of Dirac nodal points in the semimetal states
of 2D SD system is sensitive to the four-fermion interac-
tion or impurity, which representatively try to decrease
or increase the distance λ as depicted in Fig. 7. One may
expect that the increase of distance of Dirac nodal point
would be somehow harmful to the possibility of interplay
between the gapless excitations in the low-energy regime.
Hence, this result is qualitatively consistent with the con-
clusion in Sec. V and Sec. VI that the ground state of 2D
SD system is stable against the four-fermion interaction
and sensitive to the interplay between the four-fermion
interaction and impurity.
VII. NON-FERMI LIQUID BEHAVIORS
Based on our RG analysis in last several sections, the
impurity indeed play a crucial role in pinning down the
physical quantities in the low-energy regime. We finally
investigate how the physical quantities behavior at the
lowest-energy limit. In this section, we focus on the
quasiparticle residue Zf and DOS of the quasiparticle.
As the random chemical potential is a relevant parame-
ter, our perturbative RG method may break down at the
lowest-energy limit and thus cannot clearly present an
answer to the fate of Landau quasiparticles [33]. There-
fore, we here only focus on the random gauge potential
and random mass.
At the outset, we study the residue Zf , which can be
introduced via
Zf =
1
1− ∂ReΣ
R(ω)
∂ω
, (44)
where ReΣR represents the real part of retarded fermion
self-energy. It is worth pointing out that whether the no-
tation of quasiparticle is well- or unwell- defined (Fermi
liquid or non-Fermi liquid) is closely associated with this
renormalization factor Zf . On one side, a finite Zf cor-
responds to the Fermi liquid. On the other, the non-
Fermi liquid (behavior) is usually accompanied by the
residue Zf → 0. Subsequently, we can derive the evo-
lution of Zf depending on the energy scale after per-
forming momentum-shell RG analysis and collecting the
one-loop corrections to anomalous dimensions Eq. (33)
and Eq. (35), namely [86–89]
dZf
dl
= −ηifZf , (45)
where i = gaug,mass as shown in Eq. (35) representa-
tively correspond to the random gauge potential and ran-
dom mass. By carrying the numerical analysis, we find
that liml→∞ Zf = 0 for both the random gauge potential
and random mass, this straightforwardly signals that the
Dirac fermions are no longer well-defined Landau quasi-
particles. As a result, non-Fermi liquid behaviors have
been activated.
Additionally, we move to the DOS of the quasiparticle,
whose flow ρ under RG analysis can be expressed as [86,
88] for the 2D Dirac semimetal,
d ln ρ(ω)
d ln(ω)
=
1 + ηif
1− ηif
, (46)
here again i = gaug,mass denotes distinct types of dis-
orders. This implies the DOS ρ(ω) ∼ ω for the clean and
noninteracting 2D Dirac semimetal. In order to examine
the low-energy behaviors of the DOS in the presence of
impurities, we perform the numerical analysis after com-
bining Eq. (46) and coupled flow equations for the pres-
ence of impurities, namely, Eq. (B1) and Eq. (B2) and
subsequently are informed that the DOS at the lowest-
energy regime deviates from the linear behavior ρ(ω) ∼ ω
due to the intimate interplay between four-fermion in-
teractions and random gauge potential or random mass.
This is therefore also a signature of non-Fermi liquid be-
havior.
VIII. SUMMARY
In summary, we have carefully investigated the ef-
fects of four-fermion interactions, impurities, and the
interplay between fermionic interactions and impurities
on the ground states of 2D SD materials. In order to
capture more information of physical ingredients in the
low-energy regime, all allowed types of short-range four-
fermion interactions by symmetries and three kinds of
impurities, namely random chemical potential, random
mass, and random gauge potential [40, 53, 54], are in-
cluded and treated on the same footing by means of utiliz-
ing the momentum-shell RG theory [59–61]. The coupled
flow equations for all related interaction parameters are
derived after carrying out the standard RG analysis [59–
61] for both the pure interaction and presence of impu-
rity, which are employed to study the low-energy behav-
iors of 2D SD systems affected by the interplay between
the fermionic interaction and impurity. After perform-
ing both analytic and numerical consideration of these
coupled flow equations, whether and how theses fermion-
fermion interactions and impurity impact the low-energy
properties of the 2D SD materials are fully studied and
presented.
To be specific, we first consider the clean limit case
with only switching on four sorts of four-fermion inter-
actions. After analyzing the evolutions of the related
interaction parameters upon lowering the energy scales,
we clearly display that all of four-fermion parameters are
irrelevant in the RG language [54, 61, 62] to one-loop
level. This indicates that the contribution from four-
fermion interactions becomes less and less significant and
finally vanishes at the lowest-energy limit [61]. Based
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on these theoretical and numerical studies, we therefore
conclude that both the trivial insulating state and gapless
semimetal state are considerably stable against the short-
range fermion-fermion interactions. However, while the
impurity is taken into account simultaneously, the close
interplay between four-fermion interaction and impurity
can play a crucial role in determining the ground state of
2D SD system. Concretely, these irrelevantly fermionic
parameters can be transferred to irrelevant relevant after
collecting the corrections from interplay between inter-
action and impurity. Additionally, if the initial value of
impurity scattering exceeds certain critical value, we find
that the quartic interaction couplings are divergent and
sign of parameter δ can be changed concomitantly at a
critical energy scale. This conventionally suggests that
some phase transition would be triggered [63–74]. For
our 2D SD material, we expect that the system experi-
ences a phase transition from a trivial insulator to a non-
trivial Dirac, which is activated together by the interplay
between four-fermion interactions and impurities in the
low-energy regime under specific conditions although the
states are qualitatively stable against all three types of
impurities [63–74].
In addition, we find that the distance of two Dirac
nodal points in this 2D SD material is sensitive to the
four-fermion interactions or impurities. On one side, all
three sorts of impurities are helpful to increase the dis-
tance of Dirac nodal points. On the other, the four-
fermion interaction is preferable to decreases it. This
interesting result is expected to be in line with the basic
conclusion in Sec. V and Sec. VI that the ground state
of 2D SD system is stable against the four-fermion inter-
action and sensitive to the interplay between the four-
fermion interaction and impurity. Furthermore, several
deviations from Fermi liquid behaviors [33], such as the
quasiparticle residue Zf and the DOS, are displayed at
the lowest-energy limit caused by the interplay between
the four-fermion interactions and random gauge poten-
tial or randommass. These exotic properties are manifest
signals of non-Fermi liquid behaviors.
Before closing this section we would like to present
brief comments on the long-range fermion-fermion inter-
action. The long-range interactions may be possibly for-
mally rewritten as [90, 91]
Sint =
3∑
a=0
ua
∫
dω1dω2
(2pi)2
∫
d2k1d
2
k2
(2pi)4
Ψ†(ω1,k1)σa
×Ψ(ω1,k1)Ψ
†(ω2,k2)σaΨ(ω2,k2), (47)
which would give rise to totally different coupled evolu-
tions of related parameters in that one independent mo-
mentum and frequency would be vanished. Accordingly,
this interaction is expected to trigger more interesting
behaviors. However, one central problem is that the long-
range interactions are hardly present due to all kinds of
screenings. In particular, we take into account the effects
of impurity scatterings, which are unavoidably allowed in
real systems and are very detrimental for the long-range
interactions. Under this circumstance, it seems inappro-
priate to study the long-range interaction in this work,
which we leave for a future study hypothesizing the re-
stricted conditions of presence of long-range interaction
being satisfied.
Finally, we expect that impeding experiments will be
achieved to detect and verify whether there exists the
analogous phase transition from the gapped to gapless
phases in the 2D SD materials, the variance for distance
of Dirac nodal points in the gapless phase, and also possi-
bly non-Fermi liquid behaviors at the low-energy regime.
This may be profitable for us to further understand and
uncover the unique properties of 2D SD materials and
even instructive to motivate the new materials by virtue
of many experimental methods [92–103].
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Appendix A: One-loop corrections
1. Four-fermion couplings at clean limit
According to Fig. 2(i) and (ii), integrating out the fast
modes of fermionic fields and carrying out the standard
momentum-shell RG framework [54, 61, 62, 64, 77] by
means of utilizing the RG transformations of the mo-
menta (7), energy (8), and fields (9) give rise to the one-
loop corrections at clean limit
δSi+iiu0 =
[
−u0(u0 + u1 + u2 + u3)(C2 + C3 − C0)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ0Ψ(ω2,k2)Ψ
†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A1)
δSiiiu0 =
[
u20(C2 + C3 − C0)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
Ψ†(ω1,k1)σ0Ψ(ω2,k2)
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×Ψ†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A2)
δSivu0 =
[
C0(u
2
0 + u
2
1 + u
2
2 + u
2
3)− 2C2u0u1 − 2C3u0u2
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ0Ψ(ω2,k2)Ψ
†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A3)
δSvu0 =
[
−C0(u
2
0 + u
2
1 + u
2
2 + u
2
3)− 2C2u0u1 + 2C3u0u2
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ0Ψ(ω2,k2)Ψ
†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A4)
for one-loop corrections to u0,
δSi+iiu1 =
[
u1(u0 + u1 − u2 − u3)(C0 − C2 + C3)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ1Ψ(ω2,k2)Ψ
†(ω3,k3)σ1Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A5)
δSiiiu1 =
[
u21(C2 − C3 − C0)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ1Ψ(ω2,k2)Ψ
†(ω3,k3)σ1Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A6)
δSivu1 =
[
2C0u0u1 − C2(u
2
0 + u
2
1 + u
2
2 + u
2
3)− 2C3u1u2
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ1Ψ(ω2,k2)Ψ
†(ω3,k3)σ1Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A7)
δSvu1 =
[
−2C0u0u1 − C2(u
2
0 + u
2
1 + u
2
2 + u
2
3)− 2C3u1u2
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ1Ψ(ω2,k2)Ψ
†(ω3,k3)σ1Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A8)
for one-loop corrections to u1,
δSi+iiu2 =
[
u2(u0 − u1 + u2 − u3)(C0 + C2 − C3)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ2Ψ(ω2,k2)Ψ
†(ω3,k3)σ2Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A9)
δSiiiu2 =
[
u22(C3 − C2 − C0)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ2Ψ(ω2,k2)Ψ
†(ω3,k3)σ2Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A10)
δSivu2 =
[
2C0u0u2 − 2C2u1u2 − C3(u
2
0 + u
2
1 + u
2
2 + u
2
3)
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ2Ψ(ω2,k2)Ψ
†(ω3,k3)σ2Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A11)
δSvu2 =
[
−2C0u0u2 + 2C2u1u2 + C3(u
2
0 + u
2
1 + u
2
2 + u
2
3)
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ2Ψ(ω2,k2)Ψ
†(ω3,k3)σ2Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A12)
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for one-loop corrections to u2, and
δSi+iiu3 =
[
u3(u0 − u1 − u2 + u3)(C0 + C2 + C3)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ3Ψ(ω2,k2)Ψ
†(ω3,k3)σ3Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A13)
δSiiiu3 =
[
u23(−C3 − C2 − C0)
8pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ3Ψ(ω2,k2)Ψ
†(ω3,k3)σ3Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A14)
δSivu3 =
[
(2C0u0u3 − 2C2u1u3 − 2C3u2u3)
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ3Ψ(ω2,k2)Ψ
†(ω3,k3)σ3Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A15)
δSvu3 =
[
(−2C0u0u3 + 2C2u1u3 − 2C3u2u3)
16pi2
l
]∫ +∞
−∞
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ3Ψ(ω2,k2)Ψ
†(ω3,k3)σ3Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A16)
for one-loop corrections to u3.
2. Four-fermion couplings in the presence of impurity
Due to the interplay between fermion-fermion interaction and impurity, we also need to take into account the
corrections from fermion-impurity interaction besides the fermion-fermion interaction contributions provided in Ap-
pendix A1. In the presence of impurities, all one-loop Feynman diagrams contributing to the four-fermion couplings
are demonstrated in Fig. 8. As the subfigures (i)-(v) of Fig. 8 have already been evaluated in Appendix A1, we
subsequently will focus on the left subfigures of Fig. 8 one by one, i.e, subfigures (vi)-(xiii). For the presence of
random chemical potential, we can obtain the one-loop corrections
δSvi+viiu0,γ=σ0 =
[
u0∆v
2
D
4pi2
(
D2 +D3
)
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ0Ψ(ω2,k2)Ψ
†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A17)
δSx+xiu0,γ=σ0 =
[
−u0∆v
2
D
pi2
(
D2 +D3
)
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ0Ψ(ω2,k2)Ψ
†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A18)
δSxii+xiiiu0,γ=σ0 =
[
u0∆v
2
D
4pi2
(
D2 +D3
)
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ0Ψ(ω2,k2)Ψ
†(ω3,k3)σ0Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A19)
δSvi+viiu1,γ=σ0 =
[
u1∆v
2
D(D2 − D3)
4pi2
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ1Ψ(ω2,k2)Ψ
†(ω3,k3)σ1Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A20)
δSvi+viiu2,γ=σ0 =
[
u2∆v
2
D(D3 − D2)
4pi2
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
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FIG. 8: One-loop corrections to the fermion interacting couplings in the presence of impurities. The dashed line indicates
the four-fermion interaction and the wave line represents the impurity. fermion interaction and the wave line represents the
impurity. To be specific, the subfigures (i)-(v) and (vi)-(xiii) respectively capture the contributions from purely four-fermion
interaction and mixtures of both four-fermion interaction and impurity.
×Ψ†(ω1,k1)σ2Ψ(ω2,k2)Ψ
†(ω3,k3)σ2Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A21)
δSvi+viiu3,γ=σ0 =
[
−u3∆v
2
D
4pi2
(
D2 +D3
)
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ3Ψ(ω2,k2)Ψ
†(ω3,k3)σ3Ψ(ω1 + ω2 − ω3,k1 + k2 − k3), (A22)
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FIG. 9: One-loop corrections to the fermion-impurity interaction in the presence of impurities. The dashed line indicates the
four-fermion interaction and the wave line represents the impurity.
δSviiiu3,γ=σ0 =
[
u3∆v
2
D
4pi2
(
D2Tr(σ1σa)Tr(σaσ1) +D3Tr(σ2σa)Tr(σaσ2)
)
l
]∫
dω1dω2dω3
(2pi)3
∫ b d2k1d2k2d2k3
(2pi)6
×Ψ†(ω1,k1)σ3Ψ(ω2,k2)Ψ
†(ω3,k3)σ3Ψ(ω1 + ω2 − ω3,k1 + k2 − k3). (A23)
We would like to emphasize that all of the subfigures in Fig. 8 that are not mentioned above have no any contribu-
tions. For the presence of random gauge potential and random mass, one can derive the corrections similarly, which
are not shown here.
3. Fermion-impurity coupling
We finally study the one-loop corrections to the interplay between four-fermion interaction and impurity, namely
the fermion-impurity coupling, as illustrated in Fig. 9. After carrying out analytical calculations in the spirt of
momentum-shell RG approach [54, 61, 62, 64, 77], we list the results as follows for the presence of all three types of
impurities,
δSγ=σ0 =
{
vD[∆v
2
D − (u0 + u1 + u2 + u3)](D2 +D3)
4pi2
l
}∫
dω
(2pi)
∫ b d2kd2k′
(2pi)4
×Ψ†(ω,k)σbΨ(ω,k
′)D(k − k′), (A24)
δSγ=σ1 =
{
vD[∆v
2
D − (u0 + u1 − u2 − u3)](D2 −D3)
4pi2
l
}∫
dω
(2pi)
∫ b d2kd2k′
(2pi)4
×Ψ†(ω,k)σbΨ(ω,k
′)D(k − k′), (A25)
δSγ=σ3 =
{
vD[(u0 − u1 − u2 + u3)−∆v
2
D](D2 +D3)
4pi2
l
}∫
dω
(2pi)
∫ b d2kd2k′
(2pi)4
×Ψ†(ω,k)σbΨ(ω,k
′)D(k − k′), (A26)
δSγ=σ2 =
{
vD(u0 − u1 + u2 − u3 −∆v
2
D)(D2 −D3)
4pi2
l
}∫
dω
(2pi)
∫ b d2kd2k′
(2pi)4
×Ψ†(ω,k)σbΨ(ω,k
′)D(k − k′), (A27)
where the Pauli matrix γ = σ0, γ = σ2, and γ = σ1,3 respectively correspond to the random chemical potential,
random mass and random gauge potential.
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Appendix B: Coupled flow equations for the presence of impurities
By virtue of paralleling the analysis of coupled RG equations in Sec. IV for the random chemical potential, the
coupled flow equations for the presence of random gauge potential can be derived after performing the standard
procedures of momentum-shell RG framework [54, 61, 62, 64, 77],
dv
dl
= −
∆v2DD0
8pi2 v,
dα
dl
=
(
−1−
∆v2DD0
8pi2
)
α,
dδ
dl
=
(
1− u1C18pi2 −
∆v2DD0
8pi2
)
δ,
du0
dl
=
−2(∆v2DD0+4pi
2)u0−u0(u2+u3)(C2+C3−C0)−u0u1(3C2+C3−C0)+2∆v
2
D(2D2+D3)
8pi2 ,
du1
dl
=
−2(∆v2DD0+4pi
2)u1−u1(u2+u3−u0)(C0−C2)−u1(3u2+u3−u0)C3−C2(u
2
0+u
2
1+u
2
2+u
2
3)+2∆v
2
D(2D3−D2)
8pi2 ,
du2
dl
=
−2(∆v2DD0+4pi
2)u2−u2(u1+u3−u0)(C0+C2−C3)+∆v
2
D(3D2−2D3)
8pi2 ,
du3
dl
=
−2(∆v2DD0+4pi
2)u3−u3(u1+u2−u0)(C0+C2+C3)+2∆v
2
D(3D2+2D3)
8pi2 ,
dvD
dl
=
2[(u3−u1)D2+(u0−u2−∆v
2
D)D3]−∆v
2
DD0
8pi2 vD,
(B1)
and finally carrying out analogous steps gives rise to the energy-dependent RG evolutions for presence of random
mass,
dv
dl
= −
∆v2DD0
8pi2 v,
dα
dl
=
(
−1−
∆v2DD0
8pi2
)
α,
dδ
dl
=
(
1− u1C18pi2 −
∆v2DD0
8pi2
)
δ,
du0
dl
=
−2(∆v2DD0+4pi
2)u0−u0(u2+u3)(C2+C3−C0)−u0u1(3C2+C3−C0)+2∆v
2
D(D2+D3)
8pi2 ,
du1
dl
=
−2(∆v2DD0+4pi
2)u1−u1(u2+u3−u0)(C0−C2)−u1(3u2+u3−u0)C3−C2(u
2
0+u
2
1+u
2
2+u
2
3)+2∆v
2
D(D3−D2)
8pi2 ,
du2
dl
=
−2(∆v2DD0+4pi
2)u2−u2(u1+u3−u0)(C0+C2−C3)+6∆v
2
D(D2−D3)
8pi2 ,
du3
dl
=
−2(∆v2DD0+4pi
2)u3−u3(u1+u2−u0)(C0+C2+C3)+2∆v
2
D(D2+D3)
8pi2 ,
dvD
dl
=
2[(u0−u1+u2−u3)−∆v2D](D2−D3)−∆v
2
DD0
8pi2 vD,
(B2)
where the coefficients Ci and Di, i = 0, 1, 2, 3 have been defined in the maintext, namely Eqs. (12), (26)-(28), and
Eqs. (37)-(40).
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